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We consider the plasmon excitations in anisotropic two-dimensional Dirac systems, be it either
anisotropic graphene or surfaces of topological insulators. Generalizing the exact density-density
response function one finds a plasmon dispersion that is anisotropic already at the lowest frequencies.
Asymptotic expressions are obtained for the dispersion in this regime. We show that the plasmon
properties of the complete material class of anisotropic Dirac systems are characterized by just two
dimensionless material parameters. The strong anisotropy can be used to guide the plasmon modes,
introducing new functionalities to the field of Dirac plasmonics.
PACS numbers: xxxxx
Introduction - Graphene and topological insulators
(TI) are two-dimensional (2D) Dirac systems1,2 in the
sense that they have a linear electron (and hole) disper-
sion and a Dirac point where the Fermi surface shrinks
to zero. The peculiarities of relativistic electrons and
the high Fermi velocity make them unique systems to
study fundamental phenomena like spin-momentum lock-
ing and open many interesting applications in nano-
electronics. Replacing the spin in TI by the pseudo-spin
in graphene leads to a high formal analogy between both
types of systems, be it that the number of Dirac cones
that are present in the 2D Brioullin zone in one case
is odd and in the other even. In the doped case, these
Dirac systems allow for collective charge excitations –
plasmons – that are different from both bulk and surface
plasmons of ordinary metals. A pure 2D Dirac plasmon,
unlike its 3D counterpart, has no direct coupling to light
due to the momentum mismatch. However, such a cou-
pling can be created by proper surface modification that
break translation symmetry, for instance by grating or
nano-structuration. This allows for interesting applica-
tions such as terahertz photodetectors, motivating the
field of graphene plasmonics, or more in general, Dirac
plasmonics.3
Here we concentrate on systems having an anisotropic
Dirac cone in particular with a high factor of anisotropy
A = vx/vy between two extremal Fermi velocities in
the two perpendicular directions x and y. A large fac-
tor of A = 18 was for instance predicted for the topo-
logical surface states of the 3D TI HgS,4 but other
TI’s can have large anisotropy factors as well.5 Ex-
perimentally anisotropic Dirac cones were detected re-
cently by angle resolved photoemission in for instance
BaMnBi2 and BaZnBi2.
6 External strain causes spatial
anisotropy in graphene, but the expected anisotropy is
rather small.7 The special case of orthorombic borophene
with a slightly anisotropic and tilted Dirac cone has also
been debated.8,9 Here, we will not consider the effect of
tilting, but rather only spatial anisotropy that lowers
in-plane rotation symmetry which is the usual case for
anisotropic TI’s and for this situation will provide an-
alytical expressions for the full plasmon dispersion and
certain limiting cases.
Hamiltonian and charge response - We are consider-
ing electrons confined to two dimensions with Coulomb
interactions. The Hamiltonian of an anisotropic Dirac
system is given by
H =
∑
k
εkc
†
k↑ck↓ + ε
∗
kc
†
k↓ck↑ , (1)
where c†/c represent fermion creation/annihilation oper-
ators, k the 2D wavevector and the energy is given in
terms of the velocities vx/vy in x/y direction as
εk = vyky + ivxkx = |εk| exp(iΦk) . (2)
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2The Hamiltonian describes anisotropic topological insu-
lators or graphene if one replaces spin by pseudo spin and
adds valley and spin degeneracies. The plasmon disper-
sion can then be obtained by calculating the dielectric
function in random phase approximation (RPA). The di-
electric function at 2D wave vector q and energy transfer
ω is related with the charge susceptibility (or density-
density response function)
χ(q, ω) = 〈〈ρq; ρ−q〉〉 (3)
with
ρq =
∑
kσ
c†kσck+qσ
being expressed via a retarded Green’s function. In RPA
we obtain
χ(q, ω) =
χ0(q, ω)
1− V (q)χ0(q, ω) , (4)
where χ0 is the electron-hole bubble (in graphical rep-
resentation) and V (q) = e2/(2|q|ε0εrel) is the Coulomb
interaction in the 2D system. Following the calculation
for the isotropic case10 we generalize it to the anisotropic
situation. By diagonalizing (1) one finds two energy
branches ±|εk| = λ|εk|. The unitary transformation
c˜k± = (ck↑ exp(−iφk/2)± ck↓ exp(iφk/2))/
√
2
diagonalizes the Hamiltonian (1) and gives the zero-order
susceptibility as:
χ0(q, ω) =
∑
λλ′
χλλ
′
0 = g
∑
kλλ′
Fλλ
′
(nkλ − nk+qλ′)
ω + i0+ + λ|εk| − λ′|εk+q| ,
where g is an eventual degeneracy (g = 4 in graphene
due to spin and valley degeneracy). Also, {λ, λ′} = ±1
denote the two branches of the dispersion and nkλ is in
general the Fermi function nkλ = f(λ|εk| − εF ) of the λ
branch but we restrict ourselves here to zero temperature
and εF is the Fermi energy. The form factor is
Fλλ
′
= (1 + λλ′ cos(Φk+q − Φk))/2 .
We consider now a doped situation with a Fermi energy
εF lying in the positive branch λ = +1. Since the neg-
ative branch is completely filled, χ−−0 is zero. We are
interested in the real part of χ0 to determine the plas-
mon dispersion via the zero of the denominator of (4). As
in the isotropic case, the plasmon dispersion is dominated
by χ++0 which can be expressed as:
χ++0 = g
∫∫
εk<εF
dkxdky
4pi2
F++(|εk+q| − |εk|)
ω2 − (|εk+q| − |εk|)2 . (5)
After introducing vectors K and Q with Ki = kivi/v,
Qi = qivi/v (i = {x, y}) and v2 = vxvy we can write
|εk| = v|K| and cast integral (5) into the same form as
for the isotropic case
χ++0 = g
∫∫
|K|< εFv
dKxdKy
4pi2
F++v(|K+Q| − |K|)
ω2 − v2(|K+Q| −K|)2 .
We also see that Φk+q − Φk equals the angle between
K+Q and K. Therefore, we can use for χ++0 at wave
vector q in the anisotropic case the expression for the
isotropic case χ++,iso0 at wave vector Q which is also true
for the other contributions χ+−0 and χ
−+
0 . We find finally
χ0(q, ω) = χ
iso
0 (Q, ω) , (6)
where we have to use the Fermi velocity v =
√
vxvy in
χiso0 . The exact expression of χ
iso
0 in the isotropic case is
well known,11,12 but it now depends on Q = |Q| instead
of q = |q|. The dependence on the angle α of the plasmon
propagation, where qx = q cosα and qy = q sinα can be
cast into a directional factor D:
Q = qD , D =
√
A cos2 α+
sin2 α
A
. (7)
Using the known expression for χiso0 , we find the exact
expression for the density-density response function in
the anisotropic case. It can be expressed like
χ0(q, ω) = Cg(κ, ν) , C =
gεF
2piv2h¯2
, (8)
in dependence on the dimensionless parameters
ν =
h¯ω
εF
, κ =
q
qF
D , (9)
where we introduce h¯ from now on with qF being an
averaged Fermi wave vector defined by εF = h¯vqF , and
where
g(κ, ν) = −1 + f
(
G+
(
2 + ν
κ
)
−G+
(
2− ν
κ
))
and
f =
κ2
8
√
ν2 − κ2 , G+(x) = x
√
x2 − 1−ln (x+
√
x2 + 1) .
This expression for the real part outside the continuum of
electron-hole excitations whose border is given by ν = κ
and ν = 2 − κ and where the imaginary part of χ0 is
zero derives from the complete expression given in Refs.
11 and 12. We are interested in the plasmon dispersion
in the hydrodynamic limit ω → 0 and q → 0 where we
can use the leading-order expression13:
g(κ, ν) =
ν2√
ν2 − κ2 − 1 . (10)
For ν  κ that simplifies to
g(κ, ν) =
κ2
2ν2
. (11)
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FIG. 1. Real part of the zero-order density-density response
function χ0/C for ν = h¯ω/εF = 0.6. Compared are the exact
expression (red, full line) with the approximative one (Eq.
(10), blue dash-dotted line) and the parabolic approximation
(Eq. (11), green dashed line).
To illustrate the different approximations we present
them in Fig. 1 together with the exact expression for
ν = 0.6. At small q all three expressions coincide, but
χ0 diverges if κ = Dq/qF approaches the continuum of
particle-hole excitations κ = ν which is not the case in
the parabolic approximation in Eq. (11).
Plasmon - The plasmon dispersion is determined by
solving V (q)χ0(q, ω) = 1 which is in dimensionless form
q
qF
= 2βg(κ, ν) , (12)
where we introduce the dimensionless material parameter
β =
ge2
8piε0εrelh¯v
. (13)
In the parabolic approximation for small q and ω the
plasmon dispersion can be explicitly given,
h¯ω
εF
=
√
β
√
q
qF
D , (14)
and is especially simple. The square-root dispersion is of
course characteristic to 2D systems.
Any anisotropic Dirac system is characterized by the
degeneracy g, the Fermi velocity v, the anisotropy A =
vx/vy, the relative dielectric constant εrel, and the Fermi
energy εF closely related with the filling of the Dirac
cone. The plasmon dispersion which is given by the solu-
tion of (12) is characterized by just two material param-
eters β and A.
The exact plasmon dispersion together with that one
resulting from the two approximations (10) and (11) is
shown in Figs. 2 and 3 for two different sets of mate-
rial parameters. In all cases, we show the two extremal
directions α = 0 and α = pi/2. The behavior is dif-
ferent for materials with β larger than one and having
FIG. 2. Plasmon dispersion for material parameters β = 2.0
and A = 1.5 for the two extremal plasmon propagation direc-
tions α = 0 (left) and α = pi/2 (right) using the exact expres-
sion or the two approximate ones (see Fig. 1) together with
the corresponding boundaries of the continuum of electron-
hole excitations (yellow) shown by dotted lines.
FIG. 3. Plasmon dispersion for material parameters β = 0.4
and A = 6.0 for the two extremal plasmon propagation di-
rections α = 0 (left) and α = pi/2 (right) using the exact
expression or the two approximate ones (see Figs. 1 and 2).
The continuum of electron-hole excitations is indicated in yel-
low.
a relatively small anisotropy (represented in Fig. 2 for
β = 2.0 and A = 1.5) from that one for β being con-
siderably smaller than one and having a large anisotropy
(Fig. 3 for β = 0.4 and A = 6.0). In Fig. 2 both ap-
proximations represent relatively well the exact plasmon
dispersion. The square-root dispersion never crosses the
4FIG. 4. Contour plot of the anisotropic plasmon dispersion
with lines of constant plasmon energy in the qx-qy plane for
material parameters β = 2.0 and A = 2.5.
line ν = κ and enters into the continuum of electron-
hole excitations where it gets a final life-time by crossing
the upper line ν = 2 − κ. That is different in Fig. 3.
There the square-root dispersion crosses the line ν = κ
which is especially visible for α = pi/2 in the right hand
part of the figure. Just relying on the parabolic approx-
imation would imply that the plasmon becomes damped
above a critical value νc = β/
√
A which was incorrectly
inferred in Ref. 13 for Bi2Se3. In effect, due to the diver-
gence of χ0 at ν = κ, the exact plasmon dispersion can
never cross the line ν = κ such that the plasmon remains
undamped up to a critical νc of order one. Lines of con-
stant plasmon energy are shown in Fig. 4 for β = 2.0
and A = 2.5. Clearly, they deviate strongly from simple
ellipses which are expected for a tilted Dirac cone9 and
show a remarkable anisotropy which increases at small
plasmon energies.
Materials - The material parameter β can vary quite
considerably in different Dirac systems. For graphene
with g = 4, εrel = 2.4, and v = 9 × 105ms−1, one finds
β = 2.08, exceeding β = 1 considerably. For Bi2Se3
a dielectric constant of εrel = 25 was measured in sin-
gle crystals perpendicular to the c-axis14,15 and together
with v = 5×105ms−1, g = 1, leads to β = 0.10, and com-
pares well with the simulation of the measured plasmon
dispersion in Ref. 16.
Turning to anisotropic Dirac systems we have to dis-
tinguish two different cases, systems like HgS or Ag2Te
with a preferred direction of plasmon propagation, or ma-
terials of the BaMnBi2 class which preserve a fourfold
rotation symmetry axis at the surface despite the strong
anisotropy of the Dirac cones. Our theory directly applies
to the first class of systems. The anisotropy factor was
predicted to be 18 (HgS)4 or about 10 (Ag2Te)
5. The β
parameter is more difficult to estimate due to the uncer-
tain knowledge about εrel. By comparison with Bi2Se3
the β parameter can be be assumed to be smaller or close
to 1. So one expects a scenario close to Fig. 3, with an
even higher anisotropy factor A.
For the other class of anisotropic Dirac cones with con-
served 4 fold rotation symmetry, there are all together 4
anisotropic Dirac cones being pairwise perpendicular to
each other. Therefore, one obtains four contributions to
χ0:
χ0 =
gεF
4pi
(
Q1
2
ω2
+
Q2
2
ω2
)
, (15)
where the preferred direction of one cone Q1
2 =
q2(A cos2 α + sin2 α/A) is perpendicular to that one of
the other cone Q2
2 = q2(A sin2 α+ cos2 α/A) and g = 2.
We see that the anisotropy disappears in the leading or-
der and remains only in higher orders. The anisotropy
is expected to be much smaller than in the other class of
anisotropic TI’s and to appear only for larger values of q
as is quite usual in many realistic materials.
Discussion and conclusions - We have shown how the
well-known square-root dispersion for 2D Dirac plasmons
can be generalized to the anisotropic case. Interestingly,
the entire material class of anisotropic Dirac systems can
be described by just two material parameters β and A.
For materials with small values of β the square-root dis-
persion applies only for very small frequencies and has to
be replaced by a more exact one close to the continuum of
electron-hole excitations. Materials with high anisotropy
factor A show strongly anisotropic plasmon excitations
in the entire energy range up to very small frequencies.
Controlling either of the material parameters opens the
pathway to engineer and customize 2D Dirac systems for
plasmonics. In particular, for high anisotropies, plasmon
wave guides may be constructed.
Verifying the predicted anisotropy of the plasmon
dispersion requires measurements at the surface of
anisotropic TI’s. One interesting candidate system is
Ag2Te for which the anisotropic Dirac cone was experi-
mentally verified. A useful technique to measure the plas-
mon dispersion at the surface of a TI is electron energy
loss spectroscopy (EELS) in reflection geometry. Also
optical measurements are possible that require periodic
structure modifications, for instance surface grating.
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